Various algebraic structures have recently appeared in a parallel way in the framework of Hilbert schemes of points on a surface and respectively in the framework of equivariant K-theory [N1, Gr, S2, W], but direct connections are yet to be clarified to explain such a coincidence. We provide several non-trivial steps toward establishing our main conjecture on the isomorphism between the Hilbert quotient of the affine space C 2n by the wreath product Γ n = Γ ∼ S n and Hilbert schemes of points on the minimal resolution of a simple singularity C 2 /Γ. We discuss further various implications of our main conjecture. We obtain a key ingredient toward a direct isomorphism between two forms of McKay correspondence in terms of Hilbert schemes [N1, Gr, N2] and respectively of wreath products [FJW]. We in addition establish a direct identification of various algebraic structures appearing in two different setups of equivariant K-theory [S2, W].
Introduction
Nakajima [N1] constructed a Heisenberg algebra using correspondence varieties which acts on the direct sum over all n of homology groups H(X [n] ) with complex coefficient of Hilbert schemes X [n] of n points on a quasi-projective surface X. This representation is irreducible thanks to Göttsche's earlier work [G] . Similar results have been independently obtained by Grojnowski [Gr] . We refer to [N2] for an excellent account of Hilbert schemes and related works. In the case when X is the minimal resolution C 2 /Γ of the simple singularity C 2 /Γ associated to a finite subgroup Γ of SL 2 (C), this together with some additional simple data provides a geometric realization of the Frenkel-Kac-Segal vertex construction of the basic representation of an affine Lie algebra [FK, S1] . We may view this as a geometric McKay correspondence [Mc] which provides a bijection between finite subgroups of SL 2 (C) and affine Lie algebras of ADE types.
In [W] we realized the important role of wreath products Γ n = Γ ∼ S n associated to a finite group Γ in equivariant K-theory. Various algebraic structures were constructed on the direct sum over all n of the topological Γ n -equivariant K-theory K top Γn (X n ) C of X n for a Γ-space X. The results of [W] generalized the work of Segal [S2] (also see [VW, Gr] ) which corresponds to our special case when Γ is trivial (i.e. Γ is the one-element group) and the wreath product Γ n reduces to the symmetric group S n .
The wreath product approach obtains further significance in light of the conjectural equivalence of various algebraic structures in the following three spaces:
Here one assumes that X is a quasi-projective surface acted upon by a finite group Γ and Y is a suitable resolution of singularities of X/Γ such that there exists a canonical isomorphism between K Γ (X) and K(Y ). For Γ trivial III reduces to II. The graded dimensions of the three spaces have been shown to coincide [W] . The complexity of the geometry involved decreases significantly from I to II, and then to III. In each of the three setups various algebraic structures have been constructed in [Gr, N2, S2, W] such as Hopf algebra, vertex operators, and Heisenberg algebra, etc. We remark that there has been a construction of an additive isomorphism between the spaces in I and II due to de Cataldo and Migliorini [CM] . In a most important case when X is C 2 acted upon by a finite subgroup Γ ⊂ SL 2 (C) and Y is the minimal resolution C 2 /Γ of C 2 /Γ, the above diagram reduces to the following one:
by using the Thom isomorphism between K top Γn (C 2n ) and the representation ring R Z (Γ n ) of the wreath product. Here R(Γ n ) = R Z (Γ n ) ⊗ C in our notation. It was pointed out in [W] that the Frenkel-Kac-Segal homogeneous vertex representation can be realized in terms of representation rings of such wreath products. Such a finite group theoretic construction, which can be viewed as a new form of McKay correspondence, has been firmly established recently in our work [FJW] jointly with I. Frenkel and Jing. It remains a big puzzle however why there are many parallel algebraic structures in these different setups.
In the present paper we propose a coherent approach to fill in the gap (at least in the setup of diagram (2) above) and present several canonical ingredients in our approach. More explicitly, we provide direct links from wreath products to Hilbert schemes. We find a natural interpretation of a main ingredient (the socalled weighted bilinear form) in [FJW] , which brings us one step closer to a direct isomorphism of the two forms of McKay correspondence respectively in terms of Hilbert schemes and wreath products. We also establish isomorphisms of various algebraic structures in II and III. Let us discuss in more detail.
Given a finite subgroup Γ of SL 2 (C), we observe that there is a natural identification between C 2n /Γ n and the n-th symmetric product (C 2 /Γ) (n) of the simple singularity C 2 /Γ. The following commutative diagram [W] C 2 /Γ
[n] πn
defines a resolution of singularities τ n : C 2 /Γ
[n]
→ C 2n /Γ n , where τ (n) is naturally induced from the minimal resolution C 2 /Γ → C 2 /Γ. We show that τ n is a semismall crepant resolution, which provides the first direct link between wreath products and Hilbert schemes. We show that the fiber of τ n over [0] ∈ C 2n /Γ n (associated to the origin of C 2n ) is of pure dimension n and we give an explicit description of its irreducible components.
We conjecture that there exists a canonical isomorphism between the Hilbert quotient C 2n //Γ n of C 2n by Γ n (see [Ka] or Subsection 1.3 for the definition of Hilbert quotient) and the Hilbert scheme C 2 /Γ [n] , and provide several nontrivial steps toward establishing this conjecture. More explicitly, we first single out a distinguished nonsingular subvariety X Γ,n of (C 2 ) [nN ] and construct a morphism ϕ from C 2n //Γ n to X Γ,n , where N is the order of the group Γ. We use here a description of a set of generators for the algebra of Γ n invariant regular functions on C 2n which is a generalization of a theorem of Weyl [Wey] . It follows by construction that our morphism from C 2n //Γ n to X Γ,n when restricted to a certain Zariski open set is indeed an isomorphism. We give a quiver variety description of X Γ,n and C 2n /Γ n in the sense of Nakajima [N, N3] . Such an identification follows easily from Nakajima's quiver identification of Hilbert scheme of points on C 2 (cf. [N2] and Varagnolo-Vasserot [VV] ). According to Nakajima [N4] , it can be shown essentially by using Kronheimer-Nakajima [KN] that the Hilbert scheme C 2 /Γ [n] is a quiver variety associated to the same quiver data as X Γ,n but with a different stability condition. It follows that X Γ,n and C 2 /Γ [n] are diffeomorphic by Corollary 4.2 in [N] . In this way we have obtained a second direct link between Γ n and C 2 /Γ [n] . One plausible way to establish our main conjecture will be to establish that ϕ is an isomorphism between C 2n //Γ n and X Γ,n and that the diffeomorphism between
is indeed an isomorphism as complex varieties. Our construction contains two distinguished cases which have been studied by others. The morphism above for n = 1 becomes an isomorphism due to GinzburgKapranov (unpublished) and independently Ito-Nakumura [INr] . Our morphism above also generalizes Haiman's construction [H] of a morphism from C 2n //S n to (C 2 )
[n] which corresponds to our special case for Γ trivial (where no passage to the quiver variety description is needed). Haiman [H] has in addition shown that the morphism being an isomorphism is equivalent to the validity of the remarkable n! conjecture due to Garsia and Haiman [GH] . (We remark that there has been also attempt by Bezrukavnikov and Ginzburg [BG] in establishing this conjectural isomorphism for Γ trivial.) Very recently a proof of the n! conjeture (and this isomorphism conjecture) has been announced by Haiman in his homepage by establishing a Cohen-Macaulay property of a certain universal scheme which was conjectured in [H] . It is natural for us to conjecture similarly a Cohen-Macaulay property of a certain universal scheme in our setup (Conjecture 3), which is sufficient to imply that ϕ is an isomorphism.
A distinguished virtual character of Γ n has been used to construct a semipositive definite symmetric bilinear form (called a weighted bilinear form) on R Z (Γ n ) which plays a fundamental role in the wreath product approach to McKay correspondence [FJW] . Indeed it is given by the n-th tensor of the McKay virtual character λ(C 2 ) of Γ. On the other hand, the virtual character λ(C 2n ) of Γ n induced from the Koszul-Thom class defines a canonical bilinear form on the Grothendieck group K 0 Γn (C 2n ) of the bounded derived category D 0 Γn (C 2n ) consisting of Γ n equivariant coherent sheaves whose cohomology sheaves are concentrated on the origin. Although they are defined very differently, these two virtual characters of Γ n are shown to coincide. This establishes an isometry between K 0 Γn (C 2n ) and R Z (Γ n ) endowed with the weighted bilinear form, and thus provides a natural explanation of the weighted bilinear form introduced from a purely group theoretic consideration. (Actually we establish the coincidence of virtual characters for more general Γ ⊂ GL k (C) and the induced Γ n -action on C kn .) We regard this isometry as an important ingredient toward a direct isomorphism of the two forms of McKay correspondence realized respectively in terms of Hilbert schemes [N2, Gr] and of wreath products [FJW] . While our motivation is quite different, our main conjecture fits into the scheme of Reid [R] who asks for what finite subgroup G ⊂ SL K (C) the Hilbert quotient
Note that the notion of McKay correspondence is meant in the strict sense in this paper while the McKay correspondence in [R] is in a generalized sense. Our work provides supporting evidence for an affirmative answer of the McKay correspondence in the sense of [R] for C 2n acted upon by Γ n which in turn is a key step to a direct isomorphism of the two form of McKay correspondence mentioned above. By applying a remarkable theorem of Bridgeland-King-Reid [BKR] to our situation, our main conjecture on the isomorphism between Hilbert quotients and Hilbert schemes implies that the equivalence of bounded derived categories among
). For n = 1 this is a theorem due to Kapranov-Vasserot [KV] . Such an equivalence can be viewed as a direct connection among the objects in the diagram (2), where K-groups of topological vector bundles are replaced by K-groups of sheaves and connection between K-group and homology is made via Chern character.
In the end we establish a direct isomorphism of various algebraic structures in II and III in the diagram (1). More explicitly, we construct Schur bases of the equivariant K-groups in II and III and show that a canonical one-to-one correspondence between these two bases gives the desired isomorphism for various algebraic structures such as Hopf algebras, λ-rings, and Heisenberg algebra, etc.
The plan of the paper goes as follows. In Sect. 1 we study the resolution of singularities τ n and provide various steps toward establishing our conjecture on the isomorphism between the Hilbert quotient C 2n //Γ n and the Hilbert scheme C 2 /Γ
. In Sect. 2 we show that two virtual characters of Γ n arising from different setups coincide with each other and discuss various implications of this and our main conjecture. In Sect. 3 we establish isomorphisms of various algebraic structures in II and III of diagram (1). Acknowledgment. Some ideas of the paper were first conceived when I was visiting the Max-Planck Institut für Mathematik (MPI) at Bonn in 1998. I thank MPI for a stimulating atmosphere. Hiraku Nakajima's papers and lecture notes are sources of inspiration. I am grateful to him for the influence of his work. His comments on an earlier version of this paper helps much to clarify the exposition of Subsection 1.4. I thank Mark de Cataldo for helpful discussions and comments. I also thank Igor Frenkel for his comments and informing me that he has been recently thinking about some related subjects from somewhat different viewpoint.
Wreath products and Hilbert schemes
In this section, we establish some direct connections between wreath products and Hilbert schemes, i.e. between I and III in the diagram (2). In particular for Γ trivial it reduces to relating I and II.
The wreath products
Given a finite group Γ, we denote by Γ * the set of all the inequivalent complex irreducible characters {γ 0 , γ 1 , . . . , γ r } and by Γ * the set of conjugacy classes. We denote by γ 0 the trivial character and by Γ The C-span of γ ∈ Γ * , denoted by R(Γ), can be identified with the space of class functions on Γ. We denote by R Z (Γ) the integral span of irreducible characters of Γ.
Let Γ n = Γ × · · · × Γ be the n-th direct product of Γ. The symmetric group S n acts on Γ n by permutations:
. The wreath product of Γ with S n is defined to be the semi-direct product
The integer |λ| = λ 1 +· · ·+λ l is called the weight, and l(λ) = l is called the length of the partition λ. We will often make use of another notation for partitions:
, where m i is the number of parts in λ equal to i.
Given a family of partitions ρ = (ρ(x)) x∈S indexed by a finite set S, we define the weight of ρ to be
Sometimes it is convenient to regard ρ = (ρ(x)) x∈S as a partition-valued function on S. We denote by P(S) the set of all partitions indexed by S and by P n (S) the set of all partitions ρ in P(S) of weight n. The conjugacy classes of Γ n can be described in the following way. Let x = (g, σ) ∈ Γ n , where g = (g 1 , · · · , g n ) ∈ Γ n , σ ∈ S n . The permutation σ is written as a product of disjoint cycles. For each such cycle y = (i 1 i 2 · · · i k ) the element g i k g i k−1 · · · g i 1 ∈ Γ is determined up to conjugacy in Γ by g and y, and will be called the cycle-product of x corresponding to the cycle y. For any conjugacy class c and each integer i ≥ 1, the number of i-cycles in σ whose cycle-product lies in c will be denoted by m i (c). Denote by ρ(c) the partition (1 m 1 (c) 2 m 2 (c) . . .). Then each element x = (g, σ) ∈ Γ n gives rise to a partition-valued function (ρ(c)) c∈Γ * ∈ P(Γ * ) such that i,c im i (c) = n. The partition-valued function ρ = (ρ(c)) c∈G * is called the type of x. It is well known (cf. [M, Z] ) that any two elements of Γ n are conjugate in Γ n if and only if they have the same type.
A resolution of singularities
Let X be a smooth complex algebraic variety acted upon by a finite group Γ of order N. We denote by X
[n] the Hilbert scheme of n points on X and denote by X (n) = X n /S n the n-th symmetric product. Both X [n] and X (n) carry an induced Γ-action from X. Now assume X is a quasi-projective surface. A beautiful theorem of Fogarty [Fo] states that X
[n] is non-singular of dimension 2n. It is well known (cf. e.g. [N2] ) that the Hilbert-Chow morphism X [n] → X (n) is a resolution of singularities. Given a partition ν of n of length l:
A natural stratification of X (n) is given by
In the remainder of this section, we let Γ be a finite subgroup of SL 2 (C) unless otherwise specified. The classification of finite subgroups of SL 2 (C) is well known. The following is a complete list of them: the cyclic, binary dihedral, tetrahedral, octahedral and icosahedral groups. We denote by τ : C 2 /Γ → C 2 /Γ the minimal resolution of the simple singularity.
A canonical identification between C 2n /Γ n and (C 2 /Γ) n /S n is given as follows:
It is easy to see that this map is independent of the choice of the representative (x 1 , . . . , x n ) in the Γ n -orbit and it is one-to-one. The following commutative diagram [W] 
defines a morphism τ n :
Proof. It is clear by definition that τ n is a resolution of singularities. We now describe a stratification of C 2n /Γ n . The simple singularity C 2 /Γ has a stratification given by the singular point o and its complement denoted by C 2 0 /Γ. It follows that a stratification of (C 2 /Γ) n is given by n + 1 strata (C 2 /Γ)
consisting of points in the Cartisian product (C 2 /Γ) n which has exactly n − i components given by the singular point. Then a stratification of
The codimension of the strata (C 2 0 /Γ)
µ is 2n − 2l(µ). Clearly we also have
It follows that the dimension of a fiber over a point in this strata is equal to
which is half of the codimension of the strata above. Thus τ n is semismall.
The canonical bundles over
is trivial due to the existence of holomorphic symeplectic forms (note that Γ n preserves the symeplectic form on
Remark 1 1. τ n is a symplectic resolution in the sense that the pullback of the holomorphic symplectic form on C 2n /Γ n outside of the singularities can be extended to a holomorphic symplectic form on C 2 /Γ
. When n = 1 this becomes the minimal resolution τ = τ 1 :
2. It follows from the semismallness of τ n that τ (n) is also semismall. Then the diagram (3) is remarkable in that all three maps τ n , π n and τ (n) are semismall.
3. The resolution τ n :
→ C 2n /Γ n is one-to-one over the non-singular locus of the orbifold C 2n /Γ n corresponding to regular Γ n -orbits in C 2n .
We denote by C 2 /Γ
[n],0 the fiber of τ n over [0], where [0] denotes the image in C 2n /Γ n of the origin of C 2n . We assume that Γ is not trivial. By the diagram (3), we have
where
It is well known that the irreducible components of D are projective lines Σ γ parameterized by the set of non-trivial characters γ ∈ Γ * 0 (cf. e.g. [GSV] ). Recall that given an irreducible curve Σ ⊂ C 2 /Γ, the variety
introduced by Grojnowski [Gr] (also see [N2] ) plays an important role in understanding the middle-dimensional homology groups of Hilbert schemes and in connection with symmetric functions. One can show (cf. loc. cit.) that the irreducible components of L n Σ are parameterized by partitions ν of n and given by
is the stratum of the symmetric product Σ (n) associated to ν.
It is interesting to observe that the fiber
is a natural generalization of the above construction. Given ρ = (ρ(γ)) γ∈Γ * 0 ∈ P n (Γ * 0 ), we set n i = |ρ(γ i )| and define
is of pure dimension n, and its irreducible components are given by
) and the dimension of the fiber of π n is equal to
1.3 Hilbert quotient and a subvariety of (C 2 )
[nN ]
Let X be a smooth complex algebraic variety acted upon by a finite group Γ of order N. A regular Γ-orbit can be viewed as an element in the Hilbert scheme X [N ] of N points in X. The Hilbert quotient is the closure X//Γ of the set of regular Γ-orbits in X [N ] (cf. [Ka] ). It follows that there exists a tautological vector bundle over X//Γ of rank N. The group Γ acts on the tautological bundle fiberwise and each fiber is isomorphic to the regular representation of Γ.
Note that the wreath product Γ n acts faithfully on the affine space C 2n = (C 2 ) n . We make the following conjecture which provides a key connection between I and III in the diagram (2). We remark that a more general conjecture can be easily formulated in the setup of the diagram (1). of n points on C 2 /Γ.
Conjecture 1 There exists a canonical isomorphism between the Hilbert quotient

Remark 2
1. Conjecture 1 for n = 1 reduces to a theorem due to GinzburgKapronov (unpublished) and independently Ito-Nakamura [INr] which says
2. When Γ is trivial and so Γ n is the symmetric group S n , Haiman [H] has shown that Conjecture 1 for Γ trivial is equivalent to a remarkable n! conjecture due to Garsia and Haiman [GH] . A proof of the n! conjecture has been very recently posted by Haiman in his UCSD webpage.
3. Conjecture 1 implies an isomorphism of Hilbert quotients:
which seems to be in a more symmetric form. On the other hand, assuming the n!-conjecture, one can show that an isomorphism of Hilbert quotients above implies Conjecture 1.
resolution of singularities ( and thus is proper)
and C 2n /Γ n is a normal variety, the algebra of regular functions on
is isomorphic to the algebra of Γ n invariants on the regular functions on C 2n . The following lemma gives a description of the algebra of Γ n invariants in C[x, y], where we denote by x (resp. y) the n-tuple x 1 , . . . , x n (resp. y 1 , . . . , y n ). It generalizes Weyl's theorem [Wey] for symmetric groups and the proof is similar.
Lemma 1 The algebra of invariants C[x, y]
Γn is generated bỹ
where f runs over an arbitrary linear basis B for the space of invariants
Proof. We prove the lemma by induction on n. When n = 1 it is evident. Assume now that we have established the lemma for n − 1. We use x ′ and y ′ to denote x 2 , . . . , x n and respectively y 2 , . . . , y n . The space C[x ′ , y ′ ] is acted on by the wreath product subgroup Γ n−1 ⊂ Γ n .
Given any F (x, y) ∈ C[x, y] Γn , we can write it as a linear combination of
where f ∈ B, and in turn as a polynomial in terms off (x, y) and x 1 , y 1 . Therefore we can write F (x, y) as a linear combination of polynomials of the form x
where f ∈ B. Since both F αβ (x, y) and G αβ (x, y) are Γ n -invariant and thus in particular invariant with respect to the symmetric group S n and the first factor Γ in Γ n ⊂ Γ n , F (x, y) becomes a linear combination of p αβ (x, y)G αβ (x, y). Here p αβ (x, y) denotes
β , the average of x α 1 y β 1 over Γ × S n (which is the same as the average over Γ n ). We complete the proof by noting that p αβ (x, y) is a linear combination off(x, y) where f ∈ B. 2
Given J ∈ C 2n //Γ n we regard it as an ideal in C[x, y] of colength N n n! (which is the order of Γ n ). Then the quotient C[x, y]/J affords the regular representation R of Γ n , and its only Γ n -invariants are constants. Thus we havef (x, y) = c f mod J for some constant c f . Recall that Γ n−1 acts on C[x ′ , y ′ ]. By Lemma 1, the space C[x, y] Γ n−1 is generated by x 1 , y 1 and f (x 2 , y 2 ) + . . . + f (x n , y n ). The latter is
Γ n−1 is generated by x 1 , y 1 and
which has dimension nN = |Γ n |/|Γ n−1 | because (C[x, y]/J) Γ n−1 can be identified with the space of Γ n−1 -invariants in the regular representation of Γ.
The first copy of Γ in the Cartesian product Γ n ⊂ Γ n commutes with Γ n−1 above. It follows from (4) that the quotient
n , a direct sum of n copies of the regular representation R of Γ n . The Γ-action on C 2 induces a Γ-action on the Hilbert scheme (C 2 ) [nN ] and the symmetric product (
induces one between the set of Γ-fixed points (
As the fixed point set of a non-singular variety by the action of a finite group, (C 2 )
[nN ],Γ is non-singular. Denote by X Γ,n the set of Γ-invariant ideals I in the Hilbert scheme (C 2 ) [nN ] such that the quotient C[x, y]/I is isomorphic to R n as a Γ-module. Since the quotient C[x, y]/I are isomorphic as Γ-modules for all I in a given connected component of (C 2 )
[nN ],Γ , the variety X Γ,n is a union of components of (C 2 )
[nN ],Γ . In particular X Γ,n is non-singular (we shall see that X Γ,n is indeed connected of dimension 2n).
Therefore by sending the ideal J to the ideal J ∩ C[x 1 , y 1 ], we have defined a map ϕ from C 2n //Γ n to (C 2 ) [nN ] , whose image lies in X Γ,n . We also denote ϕ : C 2n //Γ n −→ X Γ,n . The map ϕ can be also understood as follows. Let U Γ,n be the universal family over the Hilbert quotient C 2n //Γ n which is a subvariety of the Hilbert scheme
It has a natural Γ n -action fiberwise such that each fiber carries the regular representation of Γ n . Then U Γ,n /Γ n−1 is flat and finite of degree nN over C 2n //Γ n , and thus can be identified with a family of subschemes of C 2 as above. Then ϕ is the morphism given by the universal property of the Hilbert scheme (C 2 ) [nN ] for the family U Γ,n /Γ n−1 .
Thus we have established the following.
Theorem 1
We have a natural morphism ϕ : C 2n //Γ n −→ X Γ,n defined as above.
Remark 3 For Γ trivial, Γ n reduces to S n and X Γ,n becomes the Hilbert scheme (C 2 ) [n] . In this case the above morphism C 2n //S n → (C 2 ) [n] was earlier constructed by Haiman [H] . We plan to elaborate further on generalizations of [H] to our setup in the future.
Conjecture 2 The morphism
Observe that (C 2 ) (nN ),Γ is the subset of (C 2 ) (nN ) consisting of points
which can be thought as the Γ n -orbit of (x 1 , . . . , x a , 0, . . . , 0) ∈ (C 2 ) n = C 2n . In this way (C 2 ) (nN ),Γ is identified with C 2n /Γ n . Thus we have proved the following proposition by noting the inclusion
can be canonically identified with
, when restricted to the Γ-fixed point set, induces a canonical morphism
Remark 4 Take an unordered n-tuple T of distinct Γ-orbits in C 2 \0. Such an n-tuple defines a set of nN distinct points in C 2 , and thus can be regarded as an ideal I(T ) in the Hilbert scheme (C 2 ) [nN ] . This ideal is clearly Γ-invariant and as a Γ-module C[x, y]/I(T ) is isomorphic to R n . On the other hand observe that such an n-tuple T can be canonically identified with a regular Γ n -orbit in C 2n . In this way the sets of generic points in X Γ,n and C 2n /Γ n coincide. It is easy to see that the morphism X Γ,n → C 2n /Γ n above is surjective and it is one-to-one over the set of generic points in C 2n /Γ n consisting of regular Γ n -orbits.
We define the reduced universal scheme W Γ,n as the reduced fibered product
It is known that a finite surjective morphism from Z to a non-singular variety is flat if and only if Z is Cohen-Macaulay.
Under the assumption of the validity of Conjecture 3, the universal properties of the Hilbert scheme (
, whose image lies in C 2n //Γ n . By Remark 4 and the fact that the set of generic points of C 2n //Γ n and C 2n /Γ n coincide, the two morphisms ϕ and ψ are mutually inverse to each other over generic points. Then it follows that they are inverse everywhere, establishing Conjecture 1.
Remark 5 The above conjecture 3 for Γ trivial was first conjectured by Haiman [H] . The proof announced very recently by Haiman in his UCSD homepage of n! conjecture is based on a proof of this conjecture of his.
A quiver variety description
We first recall (cf. [N2] ) that the Hilbert scheme (C 2 ) [K] of K points in C 2 admits a description in terms of a quiver consisting of one vertex and one arrow starting from the vertex and returning to the same vertex itself. More explicitly, we denote
where the action of GL K (C) on H(K) is given by
It is also often convenient to regard (B 1 , B 2 ) to be in Hom(C K , C 2 ⊗ C K ). We remark that one may drop j in the above formulation because one can show by using the stability condition that j = 0 (cf. [N2] ).
The bijection in (6) is given as follows. For I ∈ (C 2 ) [K] , i.e. an ideal in C[x, y] of colength K, the multiplication by x, y induces endomorphisms B 1 , B 2 on the Kdimensional quotient C[x, y]/I, and the homomorphism i ∈ Hom(C, C K ) is given by letting i(1) = 1 mod I. Conversely, given (B 1 , B 2 , i), we define a homomorphism
One can show by the stability condition that the kernel I of this homomorphism is an ideal of C[x, y] of colength K. One easily checks that the two maps are inverse to each other.
Set K = nN, where N is the order of Γ. We may identify C K with R n , C 2 with the defining representation Q of Γ by the embedding Γ ⊂ SL 2 (C), and C with the trivial representation of Γ. Denote by
By definition H(nN) ⊂ M(n). Let GL Γ (R) be the group of Γ-equivariant automorphisms of R. Then the group
Γ . We have the following description of X Γ,n as a quiver variety. This result is known to Nakajima [N4] (also cf. Theorem 1 of Varagnolo-Vasserot [VV] ) 1 .
Theorem 2
The variety X Γ,n admits the following description:
It particular X Γ,n is non-singular of pure dimension 2n.
Remark 6 Consider the Γ-module decomposition Q ⊗ V γ i = j a ij V γ j , where a ij ∈ Z + , and V γ i (i = 0, . . . , r) are irreducible representations corresponding to the characters γ i of Γ. Set dim
where Hom Γ stands for the Γ-equivariant homomorphisms. In the language of quiver varieties as formulated by Nakajima [N, N3] , the above desciption of X Γ,n identifies X Γ,n with a quiver variety associated to the following data: the graph consists of the same vertices and edges as the McKay quiver which is an affine Dynkin diagram associated to a finite subgroup Γ of SL 2 (C); the vector space V i associated to the vertex i is isomorphic to the direct sum of n copies of the i-th irreducible representation V γ i ; the vector space W i = 0 for nonzero i and W 0 = C.
Proof of Theorem 2. Our proof is modeled on the proof of Theorem 1.9 and Theorem 4.4 in [N2] which are special cases of our isomorphism for Γ trivial and for n = 1 respectively. We sketch below for the convenience of the reader. One shows j = 0 by using the stability condition. The isomorphism statement follows directly from the description of C 2 [nN ] given by (6), the definition of X Γ,n , and Eq. (7). We have seen earlier that X Γ,n is nonsingular by construction.
One shows by a direct check that [
Γ to End Γ (R n ) consists of the Γ-endomorphisms in R n which commute with B 1 and B 2 . By sending f → f (i(1)) we define a map from the cokernel to the n-dimensional space Hom Γ (C,
. Conversely, 1 I. Frenkel informed us that he also noticed this recently.
given v ∈ V n γ 0
, an endomorphism f in R n is uniquely determined by the equation
the stability condition ii) in the definition of H(nN).
One further checks that f lies in the cokernel. These two maps are inverse to each other. Thus the cokernel has constant dimension n.
The dimension of H(nN) ∩ M(n) Γ is equal to dim M Γ (n) + n − dim GL Γ (R n ) since the dimension of the cokernel is n. Thus the quotient description of X Γ,n implies that the dimension of X Γ,n near (B 1 , B 2 , i) is given by
which is independent of which component a point (B 1 , B 2 , i) is in. Here we have used the fact that the (complex) dimension of Hom Γ (R, C 2 ⊗ R) is equal to N (cf. Kronheimer [Kr] ). 2
Remark 7
Recall that the minimal resolution C 2 /Γ endowed with certain hyperKahler structures are called an ALE spaces [Kr] . According to Nakajima [N4] , one can show that the Hilbert scheme C 2 /Γ [n] over an ALE space admits a quiver variety description in terms of the same quiver data as specified in Remark 6 but with a different stability condition, by a modification of the proof for the description of the moduli space of vector bundles over an ALE space [KN] . It follows by Corollary 4.2 of [N] that C 2 /Γ [n] and X Γ,n is diffeomorphic. We conjecture that they are indeed isomorphic as complex varieties. In this way we would have obtained a morphism
by combining with Theorem 1.
Remark 8 It follows readily from the affine algebro-geometric quotient description of the symmetric product (C 2 ) (nN ) (Proposition 2.10, [N2] ) that the Γ-fixedpoint set (C 2 ) (nN ),Γ or rather the orbifold C 2n /Γ n (see Proposition 3) has the following description (also cf. [VV] , Theorem 1):
It follows from the general theory of quiver varieties that there is a natural pro-
→ C 2n /Γ n which is a semismall resolution. We expect that this is the same as the semismall resolution τ n : C 2 /Γ
→ C 2n /Γ n explicitly constructed by the diagram (3). We also expect that the intermediate variety
n /S n (see (3)) can also be identified with a quiver variety associated with the same quiver data (as specified in Remark 6) but with a new stability condition. In this case it follows from Corollary 4.2 in [N] that the fiber C 2 /Γ
[n],0 is a
and it is homotopy equivalent to C 2 /Γ
(compare with Proposition 2).
Remark 9 Quiver varieties are connected [N, N3] . Thus the variety X Γ,n can also be defined as the closure of the set of ideals I(T ) in (C 2 ) [nN ] associated to unordered n-tuples T of distinct Γ-orbits in C 2 \0.
Canonical vector bundles
Since C 2 /Γ is isomorphic to the Hilbert quotient C 2 //Γ, there exists the tautological vector bundle R on C 2 /Γ of rank N, whose fiber affords the regular representation of Γ (cf. [GSV, N2] ). It decomposes as follows:
where V γ is the irreducible representation of Γ associated to γ and R γ is a vector bundle over C 2 /Γ of rank equal to deg γ (by definition deg γ = dim V γ ).
One can associate a vector bundle E [n] of rank dn on the Hilbert scheme C 2 /Γ
[n] to a rank d vector bundle E over C 2 /Γ as follows:
× C 2 /Γ be the universal family
U is flat and finite of degree n over C 2 /Γ [n] . Then E
[n] is defined to be (p 2 ) * p * 1 E. In this way we obtain canonical vector bundles R
[n] and R
associated to R and R γ above. There exists a tautological vector bundle R {n} of rank nN over X Γ,n (and thus
) induced from the inclusion X Γ,n ⊂ (C 2 ) [nN ] . The group Γ acts on R {n} fiberwise such that each fiber as a Γ-module is isomorphic to R n . Then we have a decomposition:
of rank equal to n deg γ.
The principle bundle
(which follows from Theorem 2) gives rise to various canonical vector bundles associated to canonical representations of R) . For example, the vector bundle associated to the representation GL Γ (R n ) ֒→ GL(R n ) is exactly the above tautological vector bundle R {n} over X Γ,n (or rather over
); the one associated to
In the remainder of this section we assume the validity of Conjecture 1 that
. An immediate corollary is the existence of a tautological bundle V on C 2 /Γ [n] whose fiber affords the regular representation of Γ n . This comes from the tautological bundle over the Hilbert quotient C 2n //Γ n . It is well known (cf. e.g. [M, Z] ) that the irreducible representations S ρ of Γ n are parameterized by the set P n (Γ * ) of partition-valued functions ρ of weight n on the set Γ * of irreducible characters of Γ. It follows that one has a decomposition
where V ρ is a vector bundle on C 2 /Γ [n] of rank equal to dim S ρ . The vector bundles V ρ are expected to be a basis for the K-group of C 2 /Γ
. We denote by R n the subbundle of V which is given by the (fiberwise) Γ n−1 invariants of V. Since the first copy Γ in Γ n ⊂ Γ n commutes with Γ n−1 , R n has a Γ action fiberwise such that each fiber affords the Γ-module R n (cf. Subsect. 1.3). It decomposes as
where R n γ is a vector bundle over
of rank n deg γ. We define the reduced universal scheme U Γ,n as the reduced fibered product
Under the isomorphism ϕ :
, the universal schemes U Γ,n , U Γ,n defined respectively by (5) and (9) can be identified. The following proposition follows now from the way we define ϕ (cf. Subsect. 1.3).
Proposition 4 There is a natural identification between the vector bundles R [n]
and R n , respectively R 2 On the equivalence of two forms of McKay correspondence 2.1 A weighted bilinear form
In this subsection we recall the notion of a weighted bilinear form on R(Γ n ) introduced in [FJW] . The standard bilinear form on R(Γ) is defined as follows:
We will write , for , Γ when no ambiguity may arise. Let us fix a virtual character ξ ∈ R(Γ). The multiplication in R(Γ) corresponding to the tensor product of two representations will be denoted by * . Recall that γ 0 , γ 1 , . . . , γ r are all the inequivalent irreducible characters of Γ and γ 0 denotes the trivial character. We denote by a ij ∈ Z the (virtual) multiplicities of γ j in ξ * γ i , i.e. ξ * γ i = r j=0 a ij γ j . We denote by A the (r + 1) × (r + 1) matrix (a ij ) 0≤i,j≤r . We introduce the following weighted bilinear form on R(Γ):
It follows that γ i , γ j ξ = a ij .
Throughout this paper we will always assume that ξ is a self-dual, i.e. ξ(x) = ξ(x −1 ), x ∈ Γ. The self-duality of ξ implies that a ij = a ji , i.e. A is a symmetric matrix.
Given a representation V of Γ with character γ ∈ R(Γ), the n-th outer tensor product V ⊗n of V can be regarded naturally as a representation of the wreath product Γ n whose character will be denoted by η n (γ): the direct product Γ n acts on γ ⊗n factor by factor while S n by permuting the n factors. Denote by ε n the (1-dimensional) sign representation of Γ n on which Γ n acts trivially while S n acts as sign representation. We denote by ε n (γ) ∈ R(Γ n ) the character of the tensor product of ε n and V ⊗n . We may extend naturally η n to a map from R(Γ) to R(Γ n ). In particular, if β and γ are characters of Γ, then
We define a weighted bilinear form on R(Γ n ) by letting
One can show that the bilinear form , ξ,Γn is symmetric. A symmetric bilinear form on R Γ = n R(Γ n ) is then given by
where u = n u n and v = n v n with u n , v n ∈ Γ n . We further specialize to the case when Γ is a finite subgroup of SL 2 (C) by an embedding π, and fix the virtual character ξ of Γ to be
where Λ i denotes the i-th exterior power. We construct a diagram with vertices corresponding to elements γ i in Γ * and we draw one edge (resp. two edges) between the i-th and j-th vertices if a ij = −1 (resp. −2). According to McKay [Mc] , the associated diagram can be identified with affine Dynkin diagram of ADE type and the matrix A is the corresponding affine Cartan matrix. It is shown in [FJW] that the weighted bilinear form on R Z (Γ n ) is semipositive definite symmetric.
Identification of two virtual characters
In this subsection we set Γ to be an arbitrary (not necessarily finite) subgroup of GL k (C) unless otherwise specified. We denote by π the k-dimensional defining representation of Γ for the embedding.
The wreath product Γ n acts naturally on C kn = (C k ) n by letting Γ n act factorwise and S n act as permutations of n-factors. We denote by λ(C kn ) the virtual character
kn of Γ n , where the i-th exterior power Λ i C kn carries an induced Γ n -action. The geometric significance of λ(C kn ) will become clear later. Let η n (λ(π)) be the virtual character of Γ n built on the n-th tensor of the virtual character λ(π) =
Theorem 3 The virtual characters λ(C kn ) and η n (λ(π)) of Γ n are equal.
Proof. Given x × y ∈ Γ n , where x ∈ Γ m and y ∈ Γ n−m for some m, we have by definition
Thus it suffices to show that the character values η n (λ(π))(α, s) and λ(C kn )(α, s) are equal for (α, s) ∈ Γ n , where α = (g, 1, . . . , 1) ∈ Γ n and s is an n-cycle, say s = (12 . . . n). It is known (cf. [FJW] ) that the character value of η n (ξ)(α, s) is ξ(c), where ξ is a class function of Γ and c is the conjugacy class of g. In particular
Denote by x i a , a = 1, . . . , n, i = 1, . . . , k the coordinates in C kn = (C k ) n . The a-th factor Γ in Γ n ⊂ Γ n acts on C k with coordinates x i a , i = 1, . . . , k. Consider the exterior monomial basis for Λ i C kn . Given such a monomial X, we first observe that the coefficient of X in (α, s).X is 0 unless there are equal numbers of lower subscripts 1, 2, . . . , n for x i a appearing in X. It follows that
For i = mn, 1 ≤ m ≤ k, we further observe that the coefficient of X in (α, s).X is 0 unless the monomial X is of the form
where {i 1 , . . . , i m } is an unordered m-tuple of distinct numbers among 1, 2, . . . , k.
It follows that the coefficient of
where the summation runs over all permutations σ of i 1 , . . . , i m , l(σ) is the length of σ, and det B(i 1 . . . i m ) denotes the determinant of the m × m minor of A consisting of the rows and columns i 1 , . . . , i m .
By (12) and (13) we calculate that
where the summation runs over all unordered r-tuples {i 1 , . . . , i m } of distinct numbers among 1, 2, . . . , k, and e m denotes the m-th elementary symmetric polynomial of the eigenvalues t 1 , . . . , t k of the matrix π(g) ∈ SL k (C). The two identities involving e r used above are well known. By comparing the character values η n (λ(π))(α, s) and λ(C kn )(α, s) calculated above, we see that
Therefore if x ∈ Γ n is of type ρ ∈ P n (Γ * ) then by using (11) we obtain that
This completes the proof. 2
Remark 10 The identification of the two virtual characters can be also seen alternatively as follows:
where {n 0 , . . . , n k } ranges over the (k + 1)-tuple of non-negative integers such that i n i = n. Eq. (14) above basically follows from the definition of an induction functor. Eq. (15) is a generalization of (10) which can be established with some effort.
When Γ is trivial then λ(π) = 0 ∈ R(Γ) and so η n (λ(π)) = 0. We have an immediate corollary.
Corollary 1 When Γ is trivial and Γ n becomes the symmetric group S n , the virtual S n -character λ(C kn ) is zero.
Derived categories and Grothendieck Groups
In this subsection we let Γ be a finite subgroup of SL 2 (C) unless otherwise specified. We denote by D Γn (C 2n ) the bounded derived category of Γ n -equivariant coherent sheaves on C 2n , and denote by D( C 2 /Γ
) the bounded derived category of coherent sheaves on C 2 /Γ [n] . Define two functors Φ :
) by
where U Γ,n is the universal scheme defined in (9), and p, q denote the projections
respectively. Take a basis of R(Γ n ) given by the irreducible characters s ρ , ρ ∈ P n (Γ * ) of Γ n (cf. [M, Z] ). We denote by O C 2n the structure sheaf over C 2n . Recall that the vector bundle (i.e. locally free sheaf) V ρ is defined in (8). The following theorem can be derived by using a general theorem due to Bridgeland, King and Reid
→ C 2n /Γ n is a crepant resolution and Γ n preserves the symplectic structure of C 2n .
Theorem 4 Under the assumption of the validity of Conjecture 1, Φ is an equivalence of categories and Ψ is its adjoint functor. In particular, Ψ sends
Remark 11 When n = 1, Conjecture 1 is known to be true (cf. Remark 2) and the above theorem was established by Kapranov and Vasserot [KV] .
Remark 12 By assuming the validity of the n! conjecture (cf. [GH] ), we have by
. Thus we may replace C 2 /Γ
the holomorphic symplectic structure of the Cartisian product C 2 /Γ n . Then one can apply again Theorem 1.2 in [BKR] to show that there is an equivalence of derived categories between D( C 2 /Γ [n] ) and
.
Below we further specialize and apply the general results of Bridgeland, King and Reid [BKR] to our setup. We denote by D ) consisting of objects whose cohomology sheaves are concentrated on the fiber C 2 /Γ
[n],0
. Recall that C 2 /Γ
[n],0 is described in Subsection 1.2.
The equivalence between the derived categories D Γn (C 2n ) and
). Thus we have the following commutative diagram (under the assumption of the validity of Conjecture 1):
).
Given objects E, F in D Γn (C 2n ) and D 0 Γn (C 2n ) respectively, we define the Euler characteristic
This gives a natural bilinear pairing between D Γn (C 2n ) and D ) and
) respectively, which gives rise to a bilinear pairing between D( C 2 /Γ [n] ) and
). We further have χ Γn (E, F ) = χ(Ψ(E), Ψ(F )), cf. [BKR] .
We denote by
) the Grothendieck groups of the corresponding derived categories. It is well known that K Γn (C 2n ) and K 0 Γn (C 2n ) are both isomorphic to the representation ring R Z (Γ n ). The bilinear pairings mentioned above together with the embeddings of categories induces a bilinear form on K 0 Γn (C 2n ) and respectively on
). Let O 0 be the skyscraper sheaf at the origin 0 on C 2n . The Γ n -bundles O⊗s ρ , ρ ∈ P n (Γ * ) form a basis for K Γn (C 2n ) while the modules s ρ ⊗ O 0 , ρ ∈ P n (Γ * ) form the dual basis for K 0 Γn (C 2n ).
Theorem 5
The map by sending s ρ to O 0 ⊗ s ρ , ρ ∈ P n (Γ * ), is an isometry between R Z (Γ n ) endowed with the weighted bilinear form and K Proof. Following a similar argument as in Gonzalez-Sprinberg and Verdier [GSV] (which is for n = 1), we obtain the following commutative diagram by using the Koszul resolution of O 0 on C 2n :
Here the horizontal maps are isomorphisms given by sending s ρ to O 0 ⊗ s ρ and respectively to O C 2n ⊗ s ρ , ρ ∈ P n (Γ * ). The left vertical map  is given by multiplication by the virtual character λ(C 2n ) of Γ n , and the right vertical one is induced from the natural embedding of the corresponding categories. Now the theorem follows from the definition of the weighted bilinear form on R(Γ n ), Theorem 3, and the fact that the basis
Remark 13
The main results in [FJW] (see Theorem 7.2 and Theorem 7.3 in loc. cit.) can be now formulated by using the space
with its natural bilinear form induced from the Koszul-Thom class. Here C [−] denotes the group algebra. Roughly speaking, F Γ affords a vertex representation of the toroidal Lie algebra and a distinguished subspace of F Γ affords the basic representation of the affine Lie algebra g whose associated affine Dynkin diagram corresponds to Γ in the sense of McKay. This may be viewed as a form of McKay correspondence relating finite subgroups of SL 2 (C) to affine and toroidal Lie algebras.
Now we have the following commutative diagram (assuming the validity of Conjecture 1):
By Remark 12 and a similar argument as above, we have another commutative diagram (assuming the validity of Conjecture 1):
Combining the two diagrams above, we have obtained the following theorem.
Theorem 6 Under the assumption of the validity of Conjecture 1, the isomor-
) are isometries.
Remark 14 All the algebraic structures on n R(Γ n ) (cf. [W, FJW] ) and thus
). However it remains to match these with the Grojnowski-Nakajima construction on n H( C 2 /Γ [n] ) in terms of correspondence varieties.
Remark 15 Given a finite subgroup G of SL K (C), one asks whether there is a crepant resolution Y of the affine orbifold C K /G so that there exists a canonical isomorphism between K G (C K ) = K(Y ); one further asks whether or not the answer can be provided by the Hilbert quotient C K //G, cf. Reid [R] . The answer is affirmative for K = 2, known as the McKay correspondence [GSV] (also compare [IN, KV] ). For K = 3, there has been much work by various people, cf. [Ro, R, Nr, IN] and references therein, and it is settled by Bridgeland-King-Reid [BKR] . However not much is known in general (see however [BKR] ) and there has been counterexamples. Our work provides strong evidence for an affirmative answer in the case of C 2n acted upon by the wreath product Γ n associated to a finite subgroup Γ ⊂ SL 2 (C).
A direct isomorphism of algebraic structures on equivariant K-theory
In this section we assume that the reader is familiar with [W] . For shortness of notations we will use K top (−) and K top G (−) to denote the complexified (G-equivariant) topological K-group. We further assume that X is a quasi-projective surface acted upon by a finite subgroup Γ and Y is a resolution of singularities of X/Γ such that there exists a canonical isomorphism θ between K top Γ (X) and K top (Y ). Let C = {V 1 , . . . , V l } be a basis for K top Γ (X). Without loss of generality we may assume they are genuine Γ-vector bundles on X. We denote by W i = θ(V i ). The set {W 1 , . . . , W l } is a basis for K(Y ). We remark that representatives of W i 's can again be chosen as certain canonical vector bundles in favorable cases, including the important case when X = C 2 and Γ ⊂ SL 2 (C). Let S λ be the irreducible representation of the symmetric group S n associated to the partition λ of n. Define
Endowed with the diagonal action of S n on the two tensor factors and the action of Γ n on the second factor, S λ (V i ) is an Γ n -equivariant vector bundle. Given a partition-valued function λ = (λ i ) 1≤i≤l ∈ P n (C), we define the Γ nequivariant vector bundle S X λ = Ind Γn Γ |λ 1 | ×...×Γ |λr l| S λ 1 (V 1 ) × . . . × S λ l (V l ).
In a parallel way, we can define the S n -equivariant bundle S Y λ associated to λ ∈ P n (C) as S Recall that we constructed in [W] various algebraic structures such as Hopf algebra, λ-ring, Heisenberg algebra on n≥0 K top Γn (X n ) for a Γ-space X, generalizing the results of Segal [S2] for Γ trivial. The following proposition can be proved using [W] in a way as Macdonald [M] did when X is a point.
Proposition 5 The Γ n -bundles S X λ , λ ∈ P n (C) form a basis of K top Γn (X n ). The S n -bundles S Y λ , λ ∈ P n (C) form a basis of K Sn (Y n ).
These bases will be referred to as Schur bases, generalizing the usual one for R(Γ n ) = K top Γn (pt). Proof. We use [W] as a basic reference. We follow the notations there with an additional use of X, Y as subscripts to specify the space we are referring to.
As graded vector spaces n≥0 K top Γn (X n ) and n≥0 K Sn (Y n ) have the same graded dimension due to the isomorphism between K top Γ (X) and K top (Y ), cf. Theorem 3 in [W] . Thus the map Θ given by matching the Schur basis is an additive isomorphism.
Recall that the Adam's operations ϕ 
